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We investigate the thermoelectric properties of a T-shaped double quantum dot system described
by a generalized Anderson Hamiltonian. The system’s electrical conduction (G) and the fundamental
thermoelectric parameters such as the Seebeck coefficient (S) and the thermal conductivity (κ), along
with the system’s thermoelectric figure of merit (ZT) are numerically estimated based on a Green’s
function formalism that includes contributions up to the Hartree-Fock level. Our results account
for finite onsite Coulomb interaction terms in both component quantum dots and discuss various
ways leading to an enhanced thermoelectric figure of merit for the system. We demonstrate that the
presence of Fano resonances in the Coulomb blockade regime is responsible for a strong violation of
the Wiedemann-Franz law and a considerable enhancement of the system’s figure of merit (ZT ).
PACS numbers: 72.60.+g,73.63.Kv,73.50.Lw
I. INTRODUCTION
Efficient thermoelectric materials are the key ingredi-
ent for feasible energy conversion technology. The stan-
dard measure for thermal efficient materials is their so
called figure of merit (ZT ), a parameter that combines
information about the material charge and thermal con-
duction, ZT = GS2T/κ. Here, T is the temperature, G
is the electrical conductivity, S is the Seebeck coefficient,
and κ is the total thermal conductivity (contributions to
the thermal conductivity are due to both the electronic
and phonon systems, κ = κe + κp). For practical appli-
cations, ZT has to be as large as possible, meaning that
we are looking for materials characterized by a large See-
beck coefficient and electrical conductivity at the same
time with a small thermal conductivity. In conventional
solids the ratio κe/GT is constant as they obey the well
knownWiedemann-Franz law [1], and usually an increase
in the electric conductivity will reduce the Seebeck coef-
ficient [2]. Accordingly, for conventional solids the figure
of merit is relatively low, ZT < 1.
About 20 years ago Hicks and Dresselhaus [3, 4] sug-
gested that systems with low dimensionality such as
multi-layer quantum well superlattices or one dimen-
sional quantum wires can be the ideal candidates for
efficient thermoelectric devices. According to their cal-
culations, when the system’s dimensionality is reduced,
ZT can increase by more than an order of magnitude
[3, 4]. In general, the lower the dimensionality of the sys-
tem, the higher the figure of merit. The calculations are
not relevant only for semiconductors, the material can
be a metal, semiconductor, or semimetal as long as the
system’s dimensionality is reduced to two or one dimen-
sions. Additionally, when the system’s dimensionality is
reduced, there will be an increase in the phonon scatter-
ing from the material’s surfaces, leading to a decrease in
the phonon thermal conductivity, κp. A smaller thermal
conductivity will further enhance the system’s figure of
merit [5–9].
Single quantum dot or multiple quantum dot systems
are other low dimensional systems available for practical
applications based on their electric and thermal prop-
erties [10]. The physics associated with quantum dot
systems is a result of strong quantum confinement and
strong onsite Coulomb interaction. For example, single
quantum dot system’s are subject to the Kondo effect
when the spin of the electron on the localized levels of the
quantum dot gets screened below a characteristic tem-
perature (the Kondo temperature) [11]. Also, electron
transport in single quantum dot systems is characterized
by Fano-like resonances attributed to the interference be-
tween the quantum amplitudes for the two possible elec-
tron channels in the system: a direct conduction pathway
through the leads and an indirect conduction pathway
that involves the localized levels in the quantum dot [12].
The situation is somehow different in multiple quan-
tum dot systems where due to additional conduction
channels one can observe more complex signatures of the
Kondo and Fano effects [12–16]. In particular, in a two
quantum dot system with one dot connected to the exter-
nal leads and the other to the first dot but not to the ex-
ternal leads (T-shaped double-quantum-dot system), one
has to account for a two state Kondo effect, as the local-
ized spins in the system’s component quantum dots are
screened at different temperatures [17–19]. In T-shaped
double-quantum-dot systems the Fano effect is related to
the presence of two electron transport channels, one in-
volving only the dot coupled directly to the external leads
and the other involving both the central and side dots
[20, 21]. The Fano effect in the double quantum dot sys-
tem is attributed to different strength couplings of these
two transport channels to the external leads [21]. The
Kondo and Fano effects in quantum dot systems are di-
rectly observed in electron transport experimental data.
On the other hand, we expect that the variety of possible
physics phenomena in quantum dot systems will strongly
influence the system’s thermal properties, leading to the
possible violation of the Wiedemann-Franz law or of the
2Mott relation. Indeed, signatures of the Kondo and Fano
effects are also identified in experimental and theoretical
studies of thermoelectric properties of quantum dot sys-
tems and molecules (See the review articles [22, 23]).
Here, we consider the thermoelectric properties of a
T-shaped double quantum dot system. As the name sug-
gests, the system contains two quantum dots arranged in
a T-shaped configuration, with the main dot connected
to external leads and the side dot connected to the main
dot but not to the external leads. The system is charac-
terized by two possible conduction channels (one involv-
ing only the main dot, and the other involving both the
main and the side dots) and as a consequence of multiple
scattering and interference of transmitted waves through
both channels a Fano resonance associated with a Kondo
resonance can be observed [12, 15]. Several authors con-
sidered double quantum dot systems in connection with
thermoelectric properties. Liu and Fang [24] analyzed
a double-coupled-quantum-dot molecule sandwiched be-
tween two metallic electrodes and found an enhancement
of the figure of merit when the system is in the Fano res-
onance regime. Liu’s and Fang’s analysis includes effects
related to a magnetic flux, but they completely ignore
the onsite Coulomb interaction effects [24]. Karlstrom et
al. arrive at the same conclusion when they considered
a two-level system in connection with possible electron
wave interference [25]. Trocha and Barnas considered a
double quantum dot system with both system’s quantum
dots connected to external magnetic/nonmagnetic leads
[26]. Their investigation of the system’s thermoelectric
properties is based on the Hartree-Fock approximation
and included effects due to the onsite Coulomb interac-
tion terms (for simplicity the system’s two component
dots were considered to be identical) [26]. According to
their results, the thermoelectric efficiency of the system
can be increased due to interference effects and Coulomb
interactions [26]. As we already mentioned, our system’s
configuration is slightly different than the one considered
by Trocha and Barnas, the system’s component dots are
different and only the main dot is connected to external
leads. Our results are relevant for temperatures higher
than the specific temperature associated to the first stage
Kondo effect [17–19], a regime that it is well described
by the Hartree-Fock approximation.
The paper is organized as follows. Section II presents
our model and the general formalism used to investigate
thermoelectric properties in quantum dot systems. In
Section III we present our numerical results. Finally,
Section IV includes a summary of our results and con-
clusions.
II. THERMOELECTRIC PROPERTIES
The T-shaped double quantum dot system consists of
two quantum dots, a main dot connected to external
leads and a side dot connected to the main dot but not
to the external leads. Each dot is characterized by a lo-
calized electron level, εi (i = 1 for the main dot and i = 2
for the side dot). To describe the system’s properties we
use a generalized Anderson Hamiltonian [27] with free
electrons provided by the external leads and the local-
ized impurity levels identified by the localized electron
levels in each component quantum dot:
H =
∑
k,σ;α
εkc
†
kσ;αckσ;α +
2∑
i=1
εi
∑
σ
a†iσaiσ
+
2∑
i=1
Uiniσni−σ +
∑
kσ;α
Vk1;α
(
c†
kσ;αa1σ + a
†
1σckσ;α
)
+ t
∑
σ
(
a†1σa2σ + a
†
2σa1σ
)
. (1)
Above, the free electrons in the external leads are de-
scribed by the Hamiltonian’s first term; c†
kσ;α and ckσ;α
are the fermionic creation and annihilation operators for
electrons with momentum k and spin σ in the lead α (α ≡
left (L), right (R)). Localized electrons in the main dot
(i = 1) and the side dot (i = 2) have characteristic ener-
gies εi and they are subject to local Coulomb interactions
of local strength Ui (a
†
iσ and aiσ are fermionic creation
and annihilation operators for localized electrons with
spin σ in the i’th quantum dot, and niσ = a
†
iσaiσ is the
number of particle operator corresponding to the elec-
tronic level εi and electron spin σ). Electrons provided
by the external leads and electrons localized in the main
dot interact via an interaction term of strength Vk1;α.
For simplicity we will consider the case Vk1;L = Vk1;R in
which the detector couples to the leads only in the sym-
metric combination ckσ = (ckσ;L+ckσ;R)/
√
2 and the dot
connects effectively to a single lead, with Vk1 =
√
2Vk1;L.
Note that there is no interaction between electrons in the
side dot and the free electrons in the leads. Finally, lo-
calized electrons in the two component dots interact via
a hopping-like term of strength t.
The thermoelectric response of a system can be under-
stood relatively simply. The electrical conductivity G is a
measure of how easily the electrical charges flow through
the system to generate a voltage drop. On the other
hand, the Seebeck coefficient S measures the voltage in-
duced in a sample subject to a temperature gradient. Fi-
nally, the thermal conductivity κ measures how heat can
be transferred through the system to maintain a temper-
ature gradient. These coefficients combine into the sys-
tem’s figure of merit ZT = GS2T/κ to measure the total
thermoelectric efficiency of a material. The transport
coefficients can be obtained within the linear response
theory. We can introduce a general function [28]
Lnσ = − 1
h
∫
dε(ε− µ)n ∂f
∂ε
Tσ(ε) , (2)
where µ is the chemical potential, f(ε) is the Fermi-Dirac
distribution function, Tσ(ε) is the system’s transmission
coefficient, and h is the Planck constant. We can express
3all thermoelectric coefficients as functions of the general
function Lnσ [26, 28]
G = e2
∑
σ
L0σ , (3)
S = − 1
eT
∑
σ L1σ∑
σ L0σ
, (4)
κe =
1
T
[∑
σ
L2σ − (
∑
σ L1σ)
2∑
σ L0σ
]
. (5)
The system’s transmission coefficient, Tσ(ε), can be cal-
culated using the electronic Green’s function that de-
scribes electron-electron correlations in the main dot,
Gσ11(ω) =
〈〈
a1σ; a
†
1σ
〉〉
:
Tσ(ε) = −∆ImGσ11(ε) , (6)
where ∆ = pi
∑
k
|V1k|2δ(ε − εk). The calculation of the
electronic correlation functions can be performed using
the equation of motion (EOM) method [29]. The EOM
method involves a relatively simple technique that al-
lows the evaluation of the main dot electronic Green’s
function starting form the system’s Hamiltonian (see Eq.
(1)). The technique generates at each step higher order
correlation functions, so, when a two electron correlation
function is considered (as the one we need for the eval-
uation of the transmission coefficient) the EOM method
will connect this function to a four electron correlation
function that has to be evaluated using the same method.
The procedure will lead to an infinite hierarchy of higher
order correlation functions that eventually has to be trun-
cated using an appropriate approximation. This compli-
cation is manly due to the onsite Coulomb interaction
terms present in the system’s Hamiltonian. Within the
Hartree-Fock approximation, the main dot Green’s func-
tion can be extracted exactly as [29–31]
Gσ11(ω) =
1
(ω−ε1)(ω−ε1−U1)
ω−ε1−U1(1−〈n1−σ〉)
− t2 ω−ε1−U2(1−〈n2−σ〉)(ω−ε2)(ω−ε2−U2) − Σ0k(ω)
,
(7)
where
Σ0k(ω) =
∑
k
|Vk1|2
ω − εk . (8)
Although the equation for the main dot Green’s function
is exact within the Hartree-Fock approximation, Gσ11(ω)
depends on the average occupation of both the main
and the side dots, 〈n1−σ〉 and 〈n2−σ〉. This dependence
makes the problem self-consistent as the average occupa-
tion number in a quantum dot is related to the electron-
electron correlation function
〈ni−σ〉 = − 1
pi
∫
f(ω)ImG−σii (ω)dω . (9)
Additionally, to compute the electron-electron correla-
tion function in the main dot we need to know the aver-
age occupation number in the side dot and implicitly the
electron-electron correlation function in this dot. Using
the same approximation one finds:
Gσ22(ω) =
1
(ω−ε2)(ω−ε2−U2)
ω−ε2−U2(1−〈n2−σ〉)
− t2(ω−ε1)(ω−ε1−U1)
ω−ε1−U1(1−〈n1−σ〉)
−Σ0
k
(ω)
.
(10)
Eqs. (7), (9), and (10) allow the evaluation of the sys-
tem’s transmission function and thereafter an estimation
of the system’s thermoelectric properties. Despite the
exact analytical formulas for the electronic Green’s func-
tions in both component quantum dots, the equations are
self-consistent and their final solutions require numerical
calculations.
III. NUMERICAL RESULTS
For numerical calculations it is convenient to intro-
duce dimensionless quantities and measure all energies
in units of the inter-dot coupling constant t relative to
the Fermi level of the conduction electrons in the leads
(εF = 0). We consider the most general case with finite
onsite Coulomb interaction in both the main and side
dots of the system (U1 6= U2). Our numerical analysis
is performed as function of the energy level in the sys-
tem’s side dot, ε2/t. Unless otherwise mentioned, we con-
sider the following values in our calculations ε1/t = −0.2,
∆/t = 0.5, and kBT/t = 0.1. In particular, we consider
the slow detection limit (∆/t < 1) as in this case the
presence of a side dot in the system strongly influences
its conduction properties [30].
Figure 1 presents results for the system’s electrical and
thermal conductivities as function of the side dot energy
for various values of the onsite Coulomb interaction in
the main and side dots (U1/t = 2, U2/t = 5 - black
line; U1/t = 5, U2/t = 2 - red line). The system’s elec-
trical conductivity (Figure 1a) presents two dips associ-
ated with the Fano effect, one at ε2 = εF = 0 and the
other one at ε2 = −U2. As we discussed, this behavior is
consistent with the existence of two possible conduction
channels in the system. On the other hand, the system’s
thermal conductivity (Figure 1b) presents a richer struc-
ture in particular at energies close to the ones at which
the two Fano dips occur in the electrical conductivity.
Consequently, it is clear that in the slow detection limit,
the Wiedemann-Franz law is violated in the case of a
T-shaped double quantum dot system.
Figure 2 presents results for the system’s Seebeck co-
efficient and figure of merit for the same parameters as
in Figure 1. The system’s Seebeck coefficient (Figure 2a)
presents a similar structure as the electrical and ther-
mal conduction, with dips at energy values correspond-
ing to the Fano resonances. In particular, the sign of
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FIG. 1: (Color online) The system’s electron conductivity
(a) and thermal conductivity (b) as function of the energy
level in the side dot for different values of the onsite Coulomb
interaction (U1/t = 2, U2/t = 5 - black line; U1/t = 5, U2/t =
2 - red line). Other parameters in the system are ε1/t = −0.2,
∆/t = 0.5, kBT/t = 0.1, and εF /t = 0.
the Seebeck coefficient changes, as the system’s current
switches from electrons (positive Seebeck coefficient) to
holes (negative Seebeck coefficient). As mentioned in
Ref. [26], when ε2 corresponds to one of the relevant
resonances, a compensation between the charge current
due to electrons by that due to holes will lead to no net
current and no net voltage drop in the system and con-
sequently to a vanishing Seebeck coefficient.
The rich structure of the electrical and thermal con-
ductivities and of the Seebeck coefficient in the vicinity
of the Fano resonances reflects also on the system’s figure
of merit ZT . Figure 2b presents the system’s figure of
merit as function of the energy level in the side dot (same
parameters as before). Although the figure of merit is rel-
atively small for most of the values of the energy in the
side dot, near both resonances associated with the Fano
effect, ZT is considerably enhanced, with maximum val-
ues close to 2 for the particular values we considered.
In general, different values of the onsite Coulomb inter-
action in the main and side quantum dots of the system
do not reflect in drastic changes of the system’s ther-
moelectric properties. The structure of all considered
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FIG. 2: (Color online) The system’s Seebeck coefficient (a)
and figure of merit (b) as function of the energy level in the
side dot for different values of the onsite Coulomb interaction
(U1/t = 2, U2/t = 5 - black line; U1/t = 5, U2/t = 2 -
red line). Other parameters for the system are ε1/t = −0.2,
∆/t = 0.5, kBT/t = 0.1, and εF /t = 0.
parameters stays the same, the only difference being the
position of the resonance related to the value of the onsite
Coulomb interaction in the side dot. When U2 increases,
this resonance is pushed towards lower values of ε2 and
it is not possible to be detected in experiments. Accord-
ingly, all system’s parameters will present only a single
resonance structure. Another difference is the relative
width and depth of the two resonances, however there is
no major qualitative change when the values of the onsite
Coulomb interaction terms vary.
Consider now in more detail the slow detector limit of
the system. One possibility to tune the system’s ther-
moelectric properties is to vary the coupling between the
conduction electrons in the leads and the localized elec-
trons in the main dot (∆/t) [32]. As one can see from
Figure 1, in the case of the T-shaped double quantum dot
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FIG. 3: (Color online) The system’s figure of merit as func-
tion of the energy level in the side dot for different values
of coupling between free electrons in the leads and localized
electrons in the main dot ( ∆/t = 0.1 - black line; ∆/t = 0.2
- green line; ∆/t = 0.3 - blue line; ∆/t = 0.4 - redline).
Other parameters for the system are ε1/t = −0.2, U1/t = 5,
U2/t = 2, kBT/t = 0.1, and εF/t = 0.
system, the Wiedemann-Franz law is violated, meaning
that the electrical and thermal conductivity of the sys-
tem behave differently. This situation also reflects on
the value of ZT . We expect that with the reduction of
∆, both the electric and thermal conductivities will de-
crease, however, this can result in a large enhancement of
the system’s figure of merit if the changes in the two pa-
rameters are not related to each other. Figure 3 presents
the system’s figure of merit for various values of the ratio
∆/t for the case U1/t = 5 and U2/t = 2. As the coupling
between the conduction electrons in the leads and the
localized electrons in the main dot decreases, the value
of the system’s figure of merit increases near both reso-
nances associated with the Fano effect. A value as high
as ZT ≃ 4 can be predicted for ∆/t = 0.1.
Finally, consider the temperature dependence of the
system’s figure of merit, ZT . Figure 4a presents the fig-
ure of merit ZT as function of temperature, kBT (units
of the inter dot interaction t) and energy level in the side
dot, ε2/t, for U1/t = 5, U2/t = 2, and ∆/t = 0.5. The
system’s figure of merit is enhanced in the vicinity of the
two Fano resonances, and it presents a maximum at tem-
peratures of the order of kBT/t ∼ 0.1. In Fig. 4b, we
plot the temperature dependence of the figure of merit for
two selected values of the side dot energy level around the
two Fano resonances, ε2/t = −0.2 and ε2/t = −2.4. The
temperature dependence of the system’s figure of merit
is similar for both cases, however, its maximum is situ-
ated at slightly different temperature values. Trocha and
Barnas reported a high value for the figure of merit in
the case of a double quantum dot system with both dots
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FIG. 4: (Color online) (a) The system’s figure of merit as
function of temperature and energy level in the side dot. (b)
The system’s figure of merit as function of temperature in
the vicinity of the two Fano resonances (ε2/t = −0.2 - black
line and ε2/t = −2.4 - red line). Other parameters for the
system are ε1/t = −0.2, U1/t = 5, U2/t = 2, ∆/t = 0.5 , and
εF/t = 0.
coupled to external leads (ZT ∼ 300) for the simple situ-
ation without onsite Coulomb interaction (U1 = U2 = 0)
[26]. In our case, the finite onsite Coulomb interaction
terms affect the structure of the figure of merit depen-
dence on temperature and energy level in the side dot:
several additional islands are present in Fig. 4a compared
to the simple case in Ref. 26. Also, the maximum value
of the figure of merit is substantially reduced in our case,
ZTmax ∼ 1.6.
6IV. CONCLUSIONS
In conclusion, we have analyzed the thermoelectric
properties of the T-shaped double quantum dot system in
the Coulomb blockade regime characterized by nonzero
onsite interaction terms in both the main and side dot of
the system. Our analysis focused on the so called slow
detector limit when the interaction between the conduc-
tion electrons from the leads and the localized electrons
in the main quantum dot is relatively small compared to
the inter-dot interaction, ∆/t < 1. In this regime, due to
a relatively strong interaction between localized electrons
in the main and side dots, the transport properties of the
system are strongly influenced by the presence of the side
dot. As previously discussed in the literature, the main
characteristic of the T-shaped double quantum dot sys-
tem is the presence of two transport channels, one involv-
ing only the system’s main dot and the other involving
both the main and the side dots of the system. The inter-
ference of the electronic waves transmitted through both
channels is responsible for the occurrence of the Fano
effect.
We analyzed the system’s electrical conduction for dif-
ferent onsite Coulomb values in the two component dots.
We found that in the slow detector limit, the electri-
cal conduction is characterized by two resonances when
the energy of the localized level in the system’s side dot
matches either the Fermi energy of the conduction elec-
trons in the leads or the value of the onsite Coulomb
interaction in the side dot. When the onsite Coulomb
interaction in the side dot is very large (U2 →∞) one of
the resonances is pushed at very low energies and in this
case only one resonance can be observed experimentally.
We also analyzed the system’s thermal conductivity and
we found a similar behavior, however, the structure of the
two resonances in this case is richer. When we combine
the electric and thermal conductivities of the system we
found a strong deviation from the standard Wiedemann-
Franz law, in particular in the region of the two Fano
resonances. Finally, we considered the system Seebeck
coefficient. As a general characteristic, the Seebeck coef-
ficient can take both positive (electron conduction) and
negative (hole conduction) values, and cancels at values
of the energy level in the side dot corresponding to the
Fano resonances.
Using the thermoelectrical parameters we calculated
the system’s figure of merit ZT . As a general rule, in
standard materials the figure of merit is relatively small,
ZT < 1. Here, we found that in T-shaped double quan-
tum dot systems ZT can be considerably increased even
in the presence of strong onsite Coulomb interaction. In
particular, one can tune the figure of merit of the sys-
tem by varying the energy level in the system’s side dot
until it matches the values for the Fano resonances. We
found that ZT can be also tuned by varying the inter-
action between the conduction electrons in the leads and
the localized electrons in the system’s main dot. For
a value as low as ∆/t = 0.1 we predict a maximum
value of ZT ≃ 4 when the temperature is of the order
of kBT/t = 0.1. In the vicinity of the Fano resonances
(ε2/t = −0.2 and ε2/t = −2.4) the system’s figure of
merit presents maxima around temperature values of the
order of kBT/t ∼ 0.1. However, these maximum val-
ues are significantly reduced in the presence of onsite
Coulomb interaction compared with the simple case with-
out onsite Coulomb interaction.
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